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Abstract

We analyze a class of randomized Least-Recently-Used (LRU) cache replacement algorithms under
the independent reference model with generalized Zipf’'s law request probabilities. The randomization
was recently proposed for Web caching as a mechanism that discriminates between different document
sizes. In particular, the cache maintains an ordered list of documents in the following way. When a
document of size is requested and found in the cache, then with probabhilitit is moved to the front
of the cache; otherwise the cache stays unchanged. Similarly, if the requested documert isf sate
found in the cache, the algorithm places it with probabilityto the front of the cache or leaves the
cache unchanged with the complementary probaklity- p ;). The successive randomized decisions
are independent and the corresponding success probabhilitee® completely determined by the size of
the currently requested document. In the case of a replacement, the necessary number of documents that
are least recently moved to the front of the cache are removed in order to accommodate the newly placed
document.

In this framework, we provide explicit asymptotic characterization of the cache fault probability.
Using the derived result we prove that the asymptotic performance of this class of algorithms is optimized
when the randomization probabilities are chosen inversely proportional to document sizes. In addition,
for this optimized and easy to implement policy, we show that its performance is within a constant factor
from the optimal static algorithm.

Keywords: randomized least-recently-used caching, Zipf's law distribution, variable document sizes,
Web caching, cache fault probability, averages-case analysis
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1 Introduction

Caching is widely recognized as an effective method for improving the efficiency and scalability of multi-
media content delivery. It is essentially a process of keeping a smaller collection of frequently requested
documents at points in the network where they can be accessed with high speed/low latency. One of the main
differences between Web (World Wide Web) caching and traditional caching in computer Central Processor
Units (CPUs) is that Web documents vary considerably in size depending on the type of information they
carry. One of the important aspects of engineering efficient Web caching systems is designing document/file
replacement algorithms that achieve high hit ratios and are easy to implement.

The cache replacement problem consists of selecting and possibly dynamically updating a collection of
frequently accessed documents. The most popular replacement algorithms in practice are based on the Least-
Recently-Used (LRU) cache replacement rule that possesses many desirable characteristics, including: the
high hit ratio, low complexity, and flexibility to dynamically adapt to possible changes in request patterns.
However, the main disadvantage of the LRU replacement algorithm is its indifference to the variability of
document sizes. In order to alleviate this problem, a straightforward, randomized extension of the LRU
algorithm was proposed in [11]. In this scheme, if a requested document is not found in the cache, it is
either brought into the cache with probability that depends on its size or the cache content is left unchanged.
In the former case, the new page is accommodated by removing the minimum necessary humber of the least
recently moved documents, as described in the abstract.

In this paper, assuming the independent reference model with generalized Zipf's law request probabili-
ties, we provide an explicit asymptotic characterization of the cache fault probability. Using our asymptotic
analysis and dIder’s inequality we show that the performance of this class of randomized LRU algorithms
is optimized when the randomization probabilities are selected to be inversely proportional to document
sizes. This algorithm, termed LRU-S, was considered in [11], but its optimality among the randomized LRU
policies was not known. Furthermore, we show that LRU-S is within a constant factor from the optimal
static arrangement.

Our analytical approach uses probabilistic (average-case) analysis that relies on the well-known connec-
tion between the LRU fault probability and Move-To-Front (MTF) search cost distribution, e.g. see [5, 7].
The analysis exploits a novel large deviation approach and asymptotic results that were recently developed
in [7, 8]. For additional references on average case analysis of MTF and LRU algorithms see [5, 4, 7, 8]. In
contrast to our probabilistic method, the majority of literature on cache replacement rules for variable doc-
ument sizes is based on combinatorial (amortized, competitive) techniques. In this context, [2] represents
one of the first formal treatments of the caching problem with variable-size documents; this paper proposed
a newk-competitive GreedyDual-Size algorithm. For very recent results and references on competitive
analysis of deterministic as well as some randomized online algorithms the reader is referred to [12, 6].

The rest of the paper is organized as follows. In Section 2, we formally introduce the MTF searching
algorithm and, using the Poisson embedding technique from [4], derive a representation result for the MTF
search cost distribution. Then, in Theorem 2 of Section 3, we present our main asymptotic result that
characterizes the MTF search cost distribution for the generalized Zipf’s law requests. Using this result, we
show in Theorem 3 of Section 4 that LRU-S algorithm has asymptotically the best performance within the
class of randomized LRU rules. Furthermore, in the same section, we prove that LRU-S policy is within a
constant factor from the optimal static arrangement. The concluding remarks are presented in Section 5.



2 Randomized move-to-front algorithm

From a mathematical perspective the analyses of the LRU caching and MTF searching algorithms are essen-
tially the same; this will be formally explained in Section 4. Thus, we proceed with defining a randomized
MTF algorithm in this section. Consider a finite list 8f documents with\/ possible sizesy, so, ..., sy
that is dynamically updated as follows. When a document of gize < k < M is requested, it is either
moved to the front of the list with a positive probabiligyor the list is left unchanged with a complementary
probability 1 — pg. In the former case, documents that were in front of the requested item are moved down
the list to provide the necessary space at the top of the list. These randomized decisions are independent and
their success probabilitigg are determined by the size of the currently accessed document.

Assume that the list oV documents (items) is enumeratedias- {(i,k),1 <i < N;,1 < k < M},
whereNj, is the total number of documents of sigg N1 + No+ - - -+ Ny = N andN = (NVy, ..., Ny).
Request proces§ R,,, I,)}5° is a sequence of i.i.d. random variables, where an eyBnt= i, I,, =

n=—oo

k} represents a request for documéntt) having sizes, at timen. We denote request probabilities as
PR, =i,I, = k] = qz(k) and, without loss of generality, assurqi@ > qék) > . .. foralll < k< M.
The performance quantity of interest for this algorithm is the search@®shat represents the total size
of all documents in the list that are in front of the requested item. On e\@nt= i, 1, = k}, CN is
equal to the total size of documents in the list that are in front of docuitiehf. Our objective in this
paper is to characterize the distribution of the stationary searchtasnd use this result to estimate the
cache fault probability of the corresponding randomized LRU replacement scheme. Clearly, the stationary
search cosC’™N exists since the process of permutations on the elements of the list represents an irreducible
and aperiodic finite state Markov chain. Note that this existence can be poved in a more general setting of
stationary and ergodic requests using the same arguments as in the proof of Lesh{B& Throughout
the paper we assume that the search cost process is in stationarity.

In order to facilitate the analysis, we use the Poisson embedding technique that was first introduced
for the MTF searching problem in [4]. The stationary procéég,, I,,),CN}>> _ . is embedded into
an independent sequence of Poisson pofats—oco < n < oo} of unit rate. We observe the search
cost at timery that, without loss of generality, is set #9 = 0. Then, due to the Poisson decomposition
theorem, the request process for document) is Poisson with ratq?k). Similarly, if Ni(k)(u,t) denotes
the number of requests for documéntk) in (u,t) that resulted in movingdi, k) to the front of the list,
the Poisson decomposition theorem implies that this process is Poisson Witj@lmte Next, we define
B](.k)(t) = 1[N](k)(—t,0) > 0], t > 0 with P[Bfk)(t) =1 =1- e~4" Pt which indicates whether
document(i, k) is moved at least once to the front of the list(int, 0). Therefore, the total size of different
documents, not equal 10, k), that are moved to the front of the list in tinge-¢, 0) is equal to

sPENy = Y sBY @) (1)
(5,0)#(,k)

Note thatSi(k)(t; N) is monotonic int, since it is a nondecreasing function of the counting processes
N (~t,0).

Next, let—1'(i, k) be the last time beforgy = 0 when item(i, k) was moved to the front of the list and
note that its distribution is equal to

(k)

P[T(i, k) > t] = PN (—£,0) = 0] = e~ Pit, @)

Note that for eacli, k) the process{sﬁk) (t; N)}i>o is independent of (i, k), and all of the process@k)
andT (i, k) are independent @¢fRy, Iy). Thus, given that at timg = 0 we request an iterfy, Ip) = (i, k),
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it follows from (1) that the conditional search cost is equajsf{“(%(T(i, k); N). Hence, we have derived the
following representation result.

Theorem 1 The stationary search cost satisfies

d

oN £ S5O(TiN), 3)

where £ denotes equality in distribution and 7' = T'( Ry, Ip).

Remark: For the case of the ordinary MTF algorithm (same document sizes), this result was first derived
using formal languages in [5] and later reproduced in [4]. O

Next, for a fixed number of possible document sidéswe investigate the behavior of the stationary
search cost™N asN — oo, whereN — oo meansminy N, — oo; recall thatV;, represents the total

number of documents of sizg. In this regard, consider an infinite sequence of probabiliji@si > 1,
1 < k < M, such thatZé”:1 ;’il qz(k) = 1 and, for allk, qz(k)is nonincreasing in. Now, we define a
sequence of request proces$erY , IN)}, with

w

%N = N,
Zl 12 i qz

Let CN be the corresponding stationary search cost defined by request proba@’{ﬁtles
Furthermore, consider an infinite list of items accessed by the Ilmltlng request prd¢ess°) =

(Rp, I,) with probab|I|t|e5q§ ) Then, similarly as in the finite list case, IBf ) be a Bernoulli random
variable indicating the event that itefi k) is moved to the front of the list at Ieast onceint, 0), and define

SZ.(]“) () = 2026k slBj(.l) (t). The variable—-T'(i, k) represents the time of the last move of document
(i, k) to the front of the list with its distribution given by (2). Note that these variables are well defined and
almost surely finite. Now, similarly as in Propositidnt of [3] for the case of i.i.d. requests for documents

of the same size, using dominated convergence one can easily prove the following limit.

, 1<i<N,1<k<M. (4)

Proposition 1 The constructed sequence of stationary search costs CY converges in distribution to C, i.e.
asN — o

d
cNL o2 s, (5)
where T = T(Ro, I())

The following section characterizes the asymptotic behavior of the tail of the searching.cost

In this paper, using the standard notation, for any two real functiéfysandb(t) and fixedy € RU{oco}
the expression(t) ~ b(t) ast — to denotedim;_.;, a(t)/b(t) = 1. Similarly, we say that(t) 2> b(t) as
t — to, if iminf,_, a(t)/b(t) > 1; a(t) < b(t) has a complementary definition. In addition, throughout
the paperH denotes a sufficiently large positive constant. The valued ofay differ in different places,
for example,H/2 = H, H> = H,H +1 = H, efc.

3 Mainresaults

Our results are derived under the following assumption of generalized Zipf’'s law distribution. This distri-
bution has been widely used for modeling cache request patterns and, in particular, for capturing the Web
access behavior, e.g. see [1, 9].



Assumption 1 For any fixed 1 < m < M, Ietqz(k) ~ocp/i%c > 0,1 <k < mandq o(1/i%),
m<k<Masi— oo, > 1.

Theorem 2 Under Assumption 1,

z—00 (a — 1) prln 1/a

s (- 2) -2

Remarks: (i) The constantX’(«) is monotonically increasing in with lim, o K(a) = ¢ ~ 1.78 and
lim,_,; K(«a) = 1, wherey is the Euler constant; this was formally proved in Theorem 3 of [7]. (ii) Clearly,

by settingp, = 1, s, = 1, the theorem reduces to the traditionally studied MTF lists (LRU system), inves-
tigated in Theorem 3 of [7]. Note that by enumerating the set of probabiﬁtj@s} in their nonincreasing
order,¢) > ¢5 > ..., easy, but somewhat tedious, algebra shows that the tail of the resulting request distri-

bution satisfie$ ;- ¢ ~ (e 4+ )2 /((a — 1)a°L) asz — oo. &

a—1 1/a 1/a
lim P[C > z]z*" 1 = K(a) (Ua Vg 4ot cMapl/e m) ( e S >, (6)

where

In order to prove the preceding result we use Lemmas 1 and 2 of [7] and Lemma 4 of [8]; for reasons of
completeness, we state these lemmas in the appendix.
Proof: Equation (5) easily implies

P[C > 2] = P[S”O)( T(Ro, In)) > 4]

_ZZPS(k >£CRO—’L]0—]€]

=1 k=1

00 oo M
/ Ve PR (™) (1) > a i, (8)
=1 k 1

where the last equallty follows from the independencd (f k), {5< (t) }+>0 and(Ry, Ip), and expres-
sion (2). LetSO(t) = 32, B(l)( tyandS(t) = S, SO (t), representlng the total size of distinct

documents that are moved to the front of the list-t, 0). Then,S(¢) < S( t)+ s, < S( )( t)+ s, where
S = maxyg Sg.
We proceed with proving thiewer bound first. From (8) we obtain

m

PIC > z] > / ZZ(qgk))2pk6_q§k)pktp[8(t) >z + 5] dt,
g

e T p=1 i=1

whereg,, is chosen according to

N (1+ 2¢)“
Jer = (r [1 — é])aaa
with
a= s cl/a 1/a 4o s/ opl/e 9)



The preceding inequality and the monotonicity<it) (see the comment after equation (1)) yield
PIC > o] > P[S(g,a®) >z + 5 / Z Vpee=at Pt gy, (10)
9oy T p=1 i=1

From Assumption 1 and Lemma 5 of the appendix, it is easy to show that
E Z s, S*) (ge,2¥) ~ (1 +2€)x as x — oo. (11)

Furthermore, by Assumption 1, for aay> 0, there existg. such that for ali > i, the request probabilities
are bounded a;ék) <& m <k < M, and, therefore, Lemma 5 of the appendix yields

Te 0

(k)

limsup ¢~ /*ES® (¢) < limsup ¢t~/ Z(l — e % PR 4 limsupt /@ Z (1 — e tPre/1%)
t—o00 t—o0 ; t—o0 .=
=1 1=te+1
< He'/=, 12)

Thus, since: can be chosen arbitrarily small, we obtain for< k < M,
ES®)(t) = o(ta) as t — oc. (13)

Then, the estimates in (11) and (13) yi€d (g, 2®) = S ot skES®) (g, 2%) > (1 + €)(z + s) for z
large enough«A > z.). Hence, by Lemma 6 of the appendix, for any 0 andx large enough

P[S(ge, %) > 2 +5] >1—e.

By replacing the last inequality in (10), we obtain fotarge enough

P[C >z > (1—¢) Zp / Z (g, sz e*ql(k)pktdt_ (14)
ke Jge, a0

Now, by exploiting Lemma 4 of the appendix and Assumption 1, we infer thatléwge enought(> t)
andalll <k <m

00 1/a
S (Ppp)2e et > (1 - )y [2 - l} T (15)
i—1 (6% (6%
Now, by replacing (15) into (14) we obtain
m 1/a
P[C > z] > 1—622i/ %FP—E]t—“l/adt.
Pk a a

=1

Hence, after computing the integral in the preceding expression, multiplying itvith taking the limit
asx — oo, and passing | 0, we conclude

1o K@) (10 1/a a1 a1 o/® e’
liminf P[C > a]o* ! > (/" p s+ + oD ) VR vl B CL0)
r—00 (CY — 1) Py DPrm



Next, we proceed with the proof of thupper bound. Sincesfk) (t) < S(t), after splitting the integral in
(8), we obtain

S

PIC > z] < / Z pkefq p’“t]P[S( ) > x| dt
k

1 ge_® ) >
< Zp— </0 Z(qgk)pk)Qe % PRIP[S(t) > ] dt—l—/ Z q; pk 200, it dt)
- i=1

Ge_ T j_q

SN

L

(1P (@) + 1 (2)), (17)

Mik
s |-

b
Il
—

whereg._ is defined as
s (1=2¢
I~ T 01 = I)eae
with « being the same as in (9). Then, by using similar arguments as in (11) and (13), we conclude that
ES(ge_x*) < (1 — ¢)x for all z large enough. Therefore, by Lemma 6 of the appendix, for ddirge
enough ¢ > x.)
P[S(ge._x%) > x] < He "0, (18)

Thus, sinceS(t) is nondecreasing anff™ Zfil(qfk)pk)%—qgk)mtdt = > qi(k)pk < 1, we conclude
thatforanyl <k < M

1" (2) <P[S(g_a®) > 2]ge_a®
o(z7°) as z — oo, (19)

where the last equality follows from (18).
Now, from Assumption 1 for alin < k < M, anye > 0 andi large enough (say > i) we obtain

qgk)pk < ¢/i®. Thus, forz large enough anél > m, we estimate the integral

l/a 00
(k) €
—4; "PkJe_ z —
Z 0" pre D DR
i=|et/ oz |+1
Ll/axJ

<! Zqz pk:gexeq()p’“géer/oo — du
Ge_ el/ap W

< el/ |:6_1 N 1 ]

o llg.  a—1]"

where in the last inequality we exploited the fact thap, ., ye ™ = e~!. Sincee can be arbitrarily small,
we infer that for allm < k < M

Iék) (x) = o(z™*") as z — oo. (20)

Next, similarly as in (15), fol < k& < m andx large we derive

()< (1+e) /OO (puer) 7 [2 —~ 1] t2He gy, (21)
g

.z (6% (67



Now, replacing the estimates (19), (20) and (21) in (17) and using analogous steps to those taken in
estimating (16) yield the upper bound

1 K@) [ 1/a 1/a e, 1 a1 /e e’
limsup P[C > z]z*" < ——— <61 Dy s1 A Cm/apm/asm> 1i1/a oot 1-1/a |-

T—00 N (a_l) Py Pm

Finally, the last inequality and (16) prove the theorem. O

4 The optimal randomized LRU algorithm

Consider a universe of a large number of documé¥itsa subset of which can be placed in an easily
accessible location of size, called cache. Interested parties request these documents by searching the
cache first and then, if a document is not found there, the outside universe. When a document is not found in
the cache, we say that there wasaahe fault or miss. In addition, at the time of a miss, a cache replacement
algorithm may replace the necessary number of documents in the cache with a newly retrieved document.
The replacements are done in order to reduce the number of future faults. This system models the Web
caching environment where the parties that request documents correspond to end-users, the cache represents
a local proxy server and the document universe is the entire World Wide Web. The minor difference between
this caching system and the traditional computer CPU caching one is that cache updates in the case of faults
are only optional. In other words, when a cache fault occurs, the requested document can be retrieved
directly from its original storage (server) without impacting the cache content. Furthermore, we consider
the so-called on-line algorithms that make their replacement decisions based only on the knowledge of the
past requests.

We assume that the request process is the same as in the case of the randomized MTF algorithm described
in Section 2. Similarly, the decisions of the corresponding randomized LRU cache replacement algorithm
depend on the currently requested document gize < k < M. More specifically, the cache maintains
an ordered list of items in the following way. When a document of sizé < k < M, is requested and
found in the cache (cache hit), then with probabilifyit is moved to the front of the cache; otherwise the
cache stays unchanged. In the case of a cache miss for an item gf simealgorithm places the requested
item with probabilityp, to the front of the cache or leaves the cache unchanged with the complementary
probability (1 — px). The successive randomized decisions are independent and the success probgabilities
are completely determined by the size of the currently requested docymbnthe case of a replacement,
the necessary number of documents that are least recently moved to the front of the cache are removed in
order to accommodate the newly placed document.

We investigate the behavior of the randomized LRU cache fault probaBility:) using the connection
between the randomized LRU caching and MTF searching algorithms. Since the fault probability does not
depend on the arrangement of documents that are outside of the cache, they can be arranged in an increasing
order of the last times they were moved to the front of the cache. Thus, the ordered list of documents inside
and outside of the cache under the randomized LRU rule behaves the same as the corresponding randomized
MTF scheme. Clearly, using the notation from Section 2, the stationary cache fault probability satisfies

P[CN > 2] < PN(z) = ]P’[Sgg)(T; N) + sz, > 2] <P[CN > 2 — 5],

wheres = max; s,. Now, similarly as in (4), we can construct a family of caching systems indexed by
N and show that the limiting cache fault probabill(z) = limn_.., PN () exists, sincesgg)(T; N) —
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Sgg)(T) asN — oo. Furthermore, this probability satisfi&$C' > z| < P(x) < P[C > x — s], which, in
conjunction with Theorem 2, implies

Lemmal Under Assumption 1
P(z) ~P[C > x] as ¢ — oc.

Remark: Note that, even without any analogy with MTF lists, it can be seen that @%@%(THS;O >z}

represents a cache fault. In the caching con@io?? (T') represents the total size of all different documents

that are placed in the first position of the cache since the last time the currently requested document was at
the front of the cache. Therefore, if this variable plus the size of a currently requested dogymsdatger

thanz, document Ry, Ip) had to have been evicted from the cache at some point in the past. However, the
analogy with lists is useful since it ties these two different applications of caching and searching together.

The following theorem shows that the optimal performance of the randomized LRU replacement scheme
is achieved when randomization probabilities are inversely proportional to document sizef3(xl die
the fault probability for this particular selection of randomization probabilities. Adopting the notation from
[11], we will refer to this policy as LRU-S.

Theorem 3 Under Assumption 1, asymptotically optimal randomized LRU replacement scheme that min-
imizes the expression in (6) is achieved when p, = 1/s;, 1 < k < M. Furthermore, for this choice of
randomization probabilities, the fault probability satisfies

K 1.1 Lo 1\
xh_}ngo z7OTLP(2) = @ (_ai) (cf 57 “ 4 chsm °> . (22)

Remarks: (i) Note that this algorithm can provide an arbitrarily large relative improvement in comparison
to the ordinary LRU scheme. In this regard, by setiipng= 1 in (6), one obtains the asymptotic result for
the traditional LRU. Then, computing the ratio between the obtained constant in (6) and (22),setting

and letting (say),, — oo, one easily calculates this limit to be equaltg which can be made arbitrar-

ily large. (ii) Note that the implementation of the LRU-S algorithm does not require the knowledge of the
probabilities{qi(k)}. The only information needed is the size of the currently requested document, which
is available in most applications. However, the optimality of the LRU-S algorithm beyond Assumption 1
remains an open problem. &

Proof: Minimizing the expression in (6) is equivalent to optimizing the following function

1/« 1/«
f( )A 1/a 1/ 4ot 1/a, 1/a a—l Cl/a ++i
p)=1\¢ P S1 Cm Pm Sm 1-1/a plfl/a )
1 m

Next, definea; 2 (c}/®/p; )/ andb; £ (c/*p}/®s;)1=1/%, 1 < i < M. Then, Hlder's inequality
implies

F@)V* = (af 4 af) (b b )T
arby + -+ + ambm

1 1 1 1

2615517“ + o CSm ©, (23)
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where the equality is achieved faj”*1 = b, i.e.p; =1/s;, 1 <i < m. Form < i < M, since the
performance of the algorithm does not depend)olne can choose arbitrary randomization probabilities
pi, © > m. However, for reasons of consistency, we selgct 1/s; as well. Furthermore, (23) and (6)
yield (22). O

4.1 Asymptotically optimal greedy static algorithm

Consider a static algorithm that maximizes the probability of finding a document in the cache. In other
words, this algorithm places a collection of documehis the cache such that the probabifity; ;.. qfk)
is maximized under the constraint that, ;. sx < z. After this selection is made the content of the cache
is never changed. We term this algorittoptimal static (OS) and denote its fault probability &4 z). Itis
intuitively straightforward that, in the context of the independent reference model, this algorithm is optimal
(minimizes the cache fault probability) among all on-line caching schemes, as described previously at the
beginning of Section 4. To see this more formally, consider a class of on-line idealized prefetching (IP)
algorithms where after every request one is allowed to change the content of the whole cache at no extra
cost. LetP,,(z) and P,.(x) be the limiting long-term average fault probabilities of optimal IP and caching
algorithms, respectively (these averages exist since we will showglat) = P,,(z) = P,(x)). Clearly,
since the action space of IP algorithms is larger than the one for caching algorighn$,> P,,(x). Also,
since IP algorithms can replace the whole content of the cache at no extra cost, the action of an optimal IP
algorithm at the time of (say) theth request that minimizes tHeng-term fault probability is the same
as the one that minimizes tlome-step fault probability at the time of thgn + 1)st request. Furthermore,
because of the independence of the requests, it is clear that the OS algorithm minimizes this one-step fault
probability and, thus, represents the optimal IP algorithm. Furthermore, since the OS algorithm belongs to
the class of caching algorithms afl.(z) > P,,(z), OS is also an optimal on-line caching algorithm.

Now, we introduce greedy static algorithm that places documents in the cache according to a decreasing
order ofqgk’)/sk (see page 263 of [10]) witi®,s(x) being the corresponding fault probability for the cache
of sizex. Using Assumption 1, we show that the performance of this algorithm is asymptotically equal to
the optimal static algorithm. Without loss of generality assume mins; = 1. Leta V b = max(a, b)
anda A b = min(a, b).

Lemma 2 Under Assumption 1,

c}/a R c%asrln—l/a)a
(o — 1)zl

Po(l“)z( as xr — oo.

Proof: Sincqu“) > qék) > ..., 1 <k < M, the fault probability of the optimal static algorithm for the
cache of sizer can be expressed as

Py = 3 gV h et 3 g,

i=N; i=N3,
whereN; —1,..., N}, — 1 represent the optimal numbers of stored documents of $izes, s/, respec-

tively, satisfying the constrain¥y —1+--- + (N, — 1)s)r < . From the assumption of the theorem, for
anye > 0, there exists,, such that for alt > i,, q(k) > (1—e€)ex /1%, 1 < k < m. Therefore, we can lower

)
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boundF,(x) as

Py(z) > mm Z q -+ Z q(m)

N e mN*\/z6 Nk Vie
1—c¢ -
_a—lN* Z N*\/’L a=1’ (24)
ooV, m_ e

where the minimum is subject to the constraijt — 1 + so(N5 — 1) + - -+ + 5, (N5, — 1) < z. The last
constraint is further relaxed by; V ic + - + s,, N, Vi, <z + (i + 1) 0’ 55, and, therefore, (24) is
further lower bounded by

1—¢ . 7 Ck
Po(z) = T a1’
a— 1 v, um
! k=1 Yk

subject to_j ugsk < @+ A, A = (i + 1) D4ty sk, ur = Nj Vi.. Then, by allowinguy-s to be real
valued, the minimum becomes potentially even smaller. Thus, solving the continuous optimization problem
using Lagrange multipliers results in

1/01 1-1/ay\q

1/a
liminf 29 1P, (z) > (1 — ¢) (o +--+em sm ' ) ,
T—00 (a -1)

which, by passing — 0, proves the result. <&

In the following theorem we show that the performance of the proposed greedy static and optimal policy
are asymptotically the same.

Theorem 4 Under Assumption 1,

(Ci/a_'_ +Cl/a 71n l/a)

Pos(x) NPo(x) ~ (a—l)xo‘ 1

as r — oQ.

The following lemma will be used in the proof of the preceding theorem.

Lemma3 Let Ni(z) be the number of documents of size s, 1 < k& < M, that is placed in the cache of
size x according to the greedy static rule. Assume that document classes with finite probability support, i.e.
those having qgk) = 0 for some i, are enumerated between ny < k < M. Then, for = large enough, all
documents with positive probabilities of size s, ng < k < M are placed inthe cache, whilefor 1 < k£ < ng
lim Ni(z) = oco. (25)
Proof: Itis easy to see that for eaéh Ny (x) is nondecreasing im and thereforéim, ., Ny (z) exists for
all1 <k < M. Furthermore, sinc®_, Ni(z)s, + 1 > z, there existd < k* < M, such that (25) holds.
Then, for anyl <[ < M and allz, the greedy algorithm implies
(1) (k%)

@)+ _ INi+ (@)

S Sk* ’

This inequality, sincéim,_, q§v )( )= 0, implies that eitheq](\l,)( V41 = 0 or q](\l,)( n 1 | 0 over positive

values asc — oo. The former corresponds to clasde@y < | < M) having finite probablllty support,
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while the latter is only possible if < < ny and (25) holds. O

Proof of Theorem 4: Letng, Ni(z), 1 < k < M, be defined as in Lemma 3. Assumption 1 implies that
foranyl > e > 0and alll < j < ng there exists,, such that for al§ > i,

(1 —¢€)cg < ®) < (1—|—-e)ck ;

o >4 o

ork=1,...,m, (26)

and

qg’“)gi% fork=m+1,...,no. (27)

In addition, by Lemma 3, for alt large enoughV;(x) > i., 1 < j < ng. Next, by exploiting Lemma 3 and
expressions (26) and (27) we upper boupgd z) for x large enough

Pos(x) = Z qz(l) N Z qz(no)
=Ny (z)+1 i=Nng (z)+1

e

S/ Mdu—i—---#—/ mdu+...+/ idu

Ni(z) Uu® Np(z) U Nog (z) U
146 Ck € -0 Ck
_ 3 n D — — 28
a—1 &= (Ng(a))omt =1 2= (Ni(x))* 29)

Furthermore, the greedy rule implies, for everg k,1 < ng, k # [,

(k) ®
WNy(@) o () +1

Sk 51

which, in conjunction with (26) and (27), yields

(L= \Y 1+9a |/ )
((1+€)C18l> Nl(x)_lﬁNl(x)S(m> Ni(z) +1 l=1,...,m, (29)

e 1/ €)e Lo
<7(1 )> N1(x)—1§Nl($)§<(1+)> Ni(z)+1  I=m+1,...,n. (30)

C18] C18]
Hence, the total size of all documents stored in the cache can be bounded as
T — max s < Ni(x) + saNo(z) + -+ + SpgNpo () + -+ + s Ny ()
< Ny(2) + sapoN1(2) + - - + Spoing N1 (x) + H, (31)

whereH is a large enough constant,
1 . /e 1 1/a
ujé(%> for j=1,...,mand ujé<(c—f7;)€> for j=m+1,...,n9. (32)
J J
Thus, (31) and (32) imply

—H
N1(33)2 ° )
L+ sopp + -+ + Snghing

(33)
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which, in combination with the lower bounds (29) and (30), leads to

—H
L4 sop2 + - =+ Snghing

for k=2,...,n0. (34)

Therefore, after upperbounding (28) using the inequalities (33) and (34), multiplying them Withetting
firstx — oo and there | 0, we obtain

Va | 1/a 1-1/a\q
limsup 2% 1 P, (z) < (o +-Fem sm )

)
Tr—00 a—1

which, in conjunction with Lemma 2, proves the result. <

The following easy consequence of the preceding results shows that the LRU-S algorithm is within a
constant factor from the optimal static one.

Corollary 1 The asymptotic ratio between the fault probabilities of the LRU-Sand optimal static algorithm
satisfies

. Py(z)
xlirrgo Poz) K(a).
Proof: Follows from Theorems 2, 3 and 4. &
Remark: The constanf{ («) can be understood as a relative penalty that the LRU algorithm pays in relation
to the optimal static one for occasionally placing the infrequent items in the cache. Once in the cache, these
items can stay there for a long time and, therefore, lower the LRU relative performance. O

5

4.2 Optimizing the latency of document retrieval

In the Web environment, it may be desirable to minimize the expected latency of document retrieval, instead
of the cache fault probability. In a first approximation, one can assume that the time to deliver a document
from the cache is basically zero, while the transmission time of a document o, dizan its original

location depends on its size and is equalyto Then, using the same notation as in Section 2, it can be
shown that the stationary limiting (& — oc) expected delay (x) satisfies

@(z) = E (01, 1[S}y,) (T) + 51, > 21)

since{Sgg)(T) + sy, > x} represents the event that the currently requested docuiRgrt) is not in the
cache. Note that in a different framewotl, may stand for some other cost of not finding document of type
k in the cache.

Now, by mimicking the proof of Theorem 2, it is easy to show that under Assumption 1,

, _ K(a) ( 1/a 1/a a1 (g1ey/® S
a—1 _ a lo L /e l/a ) 1 oy PmCm
mhm O(z)x a—1) (cl pi o S1t G D Sm pifl/a +-+ p}{l/a .

Then, similarly as in Theorem 3, it can be demonstrated that the performance of the randomized LRU
scheme is optimized if the probabilitigs are selected according to

Ok
Pr = d_v
Sk
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whered = min; s;/¢;. In addition, this optimized algorithm is asymptotically within a constity) from

the corresponding optimal static arrangement. Since the derivation of these results involves a straightforward
repetition of the preceding analysis, we omit the details. This algorithm that selects the randomization
probabilities to be proportional t9, /s, was also considered in [11]. Interestingly, when the latefdpr

fetching a document from its original location is linearly proportional to the document size, it appears that
the best policy is the traditional (non-randomized) LRU scheme.

5 Concluding remarks

In this paper we investigated a class of randomized LRU caching algorithms under the independent refer-
ence model with Zipf's law request probabilities that were recently empirically observed in the Web access
patterns. These low complexity algorithms were recently proposed in [11] to mitigate the effect of variable
document sizes on Web caching. For this class of algorithms, we provide an explicit asymptotic character-
ization of the cache fault probability as the cache size grows. Then, using this asymptotic result, we show
that the randomized LRU algorithms achieve the best performance when the randomization probabilities
are selected inversely proportional to document sizes; this algorithm is termed LRU-S. The relative gain of
LRU-S in comparison to the ordinary LRU algorithm can be arbitrarily large, as pointed out in the remark
after Theorem 3. Thus, the minor increase in implementation complexity is compensated well with poten-
tially high improvement in performance. In addition, we show that LRU-S is within a constant factor from
the optimal static algorithm.

Finally, we would like to point out that the majority of the Web access traffic is highly correlated and,
therefore, the use of the independent reference model may be inappropriate. In this regard, we recently stud-
ied in [8] the performance of the traditional LRU system (same document sizes) in the presence of statistical
correlation in the request sequence. We model the correlation using semi-Markov modulated processes that
provide the flexibility for modeling strong statistical correlation, including the widely reported long-range
dependence in the Web page request patterns. When the marginal frequency of requesting documents fol-
lows the generalized Zipf's law distribution, our main result from [8] shows that the cache fault probability
is asymptotically, for large cache sizes, the same as in the corresponding LRU system with i.i.d. requests.
Therefore, since the analysis of the randomized LRU is very similar to the one of the traditional LRU,
it is almost certain that Theorems 2 and 3 hold for the class of, possibly highly correlated, semi-Markov
modulated request sequences.
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Appendix

In this section we state three lemmas that are used in proving Theorem 2. Lemmas 4 and 5 correspond to
Lemmasl and2 of [7], while Lemma 6 is Lemmd of [8].

Lemma4 Assumethat g; ~ ¢/i* asi — oo, Witha > 1 and ¢ > 0. Then, ast — oo
[o@)

1
a 1

Y (@)t ~ ST (2 - —) s
« (0%

=1
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whereI' is the Gamma function.

Lemmab Letg; ~ ¢/i* asi — oo, Witha > 1 and ¢ > 0. Then, ast — oo

. 1\ 1.1
Z(l —e W)~ T <1 - —) cata,
a

i=1

whereI' is the Gamma function.

Lemma6 Let {B;,i > 1} be a sequence of independent Bernoulli random variables, S =52, B; and
m = E[S]. Then for any ¢ > 0, there exists 6. > 0, such that

P[|S — m| > me] < 2e %™,
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